Hydrostatic Force on a Plane
Surface
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The Three Gorges Dam The Three Gorges Dam being con-
structed on China’s Yangtze River will contain the world’s
largest hydroelectric power plant when in full operation. The
dam is of the concrete gravity type, having a length of 2309 me-
ters with a height of 185 meters. The main elements of the pro-
ject include the dam, two power plants, and navigation facilities
consisting of a ship lock and lift. The power plants will contain
26 Francis type turbines, each with a capacity of 700 megawatts.
The spillway section, which 15 the center section of the dam, 1s
483 meters long with 23 bottom outlets and 22 surface sluice

gates. The maxiumum discharge capacity 1s 102,500 cubic meters
per second. After more than 10 vears of construction, the dam
gates were finally closed, and on June 10, 2003, the reservoir
had been filled to its interim level of 135 meters. Due to the
large depth of water at the dam and the huge extent of the stor-
age pool. wvdrostatic pressure forces have been a major factor
considered by engineers. When filled to its normal pool level of
175 meters, the total reservoir storage capacity 1s 39.3 billion
cubic meters. The project is scheduled for completion 1in 2000,
(See Problem 2.79))




When a surface 15 submerged 1n a flud, forces develop on the surface due to the fluad. The deter-
mination of these forces 1s important mn the design of storage tanks. ships, dams, and other hy-
draulic structures. For fluids at rest we know that the force must be perpendicular to the surface
since there are no shearing stresses present. We also know that the pressure will vary linearly with
depth as shown 1n Fig. 2.16 if the fluid 15 ncompressible. For a horizontal surface, such as the bot-
tom of a hquid-filled tank (Fig. 2.16a). the magmitude of the resultant force 15 simply Fp = pd.
where p 15 the umiform pressure on the bottom and 4 15 the area of the bottom. For the open tank
shown, p = yh. Note that if atmospheric pressure acts on both sides of the bottom, as 1s illustrated,
the resultant force on the bottom 15 simply due to the liquid 1n the tank. Since the pressure 15 con-
stant and umiformly distributed over the bottom, the resultant force acts through the centroid of the
area as shown in Fig. 2.16a. As shown in Fig. 2.165, the pressure on the ends of the tank 15 not

uniformly distributed. Determination of the resultant force for situations such as this 1s presented
below.
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B FIGURE 2.16 (a) Pressure distribution and resultant hvdrostatic force on the
bottom of an open tank. (D) Pressure distribution on the ends of an open tank.



For the more general case in which a submerged plane surface 1s inclined. as 1s illustrated
in Fig. 2.17, the determunation of the resultant force acting on the surface 15 more involved. For

the present we will assume that the flmd surface 1s open to the atmosphere. Let the plane in which
the surface lies intersect the free surface at 0 and make an angle # with this surface as in Fig. 2.17.

The x—y coordinate system is defined so that 0 15 the origin and v = 0 (1e_. the x-axis) 1s directed
along the surface as shown. The area can have an arbitrary shape as shown. We wish to determine
the direction, location. and magmitude of the resultant force acting on one side of this area due to
the liquid 1n contact with the area. At any given depth. 4. the force acting on d4 (the differential
area of Fig. 2.17) 1s dF = yh d4 and 1s perpendicular to the surface. Thus, the magmitude of the
resultant force can be found by summing these differential forces over the entire surface. In equa-
tion form

Fp = J yhdd = Lj{t‘ﬁiﬂﬂ{f;{
4



Location of
resultant forca
. {center of pressure, CP)

B FIGURE 2.17 Notation for hydrostatic force on an inclined plane
surface of arbitrary shape.



where i# = y sin 6. For constant -y and £

Fp = ¥ s HJ vdA (2.17)
4

The integral appearing in Eq. 2.17 1s the first moment of the area with respect to the x axis, so we
can write

J ydd =y.d

4

where v, 1s the y coordinate of the centroid of area 4 measured from the x axis which passes through 0.
Equation 2.17 can thus be wnitten as

Fp = ydy.sm ¥

or more simply as

Fp= vh A (2.18)

where A, 15 the vertical distance from the fluid surface to the centroid of the area. Note that the
magnitude of the force 1s independent of the angle #. As indicated by the figure in the margin_ 1t
depends only on the specific weight of the fluid, the total area. and the depth of the centroad of
the area below the surface In effect. Eq. 2.18 indicates that the magnitude of the resultant force
15 equal to the pressure at the centroid of the area multiplied by the total area. Since all the differ-
ential forces that were summed to obtain Fj are perpendicular to the surface, the resultant Fp must
also be perpendicular to the surface.



The magnitude of
the resultant fluid
Jorce is equal fo the
pressure acimg at
the centroid of the
area muitiplied by
the total area.



Although our intuition might suggest that the resultant force should pass through the cen-

¥ troid of the area, this 1s not actually the case. The y coordinate, y,. of the resultant force can be

ST T determined by summation of moments around the x axis. That 1s, the moment of the resultant force
T must equal the moment of the distributed pressure force, or

¢ FE]TR=L}':?F=L'}HSmEfdA

and, therefore, since Fy = yAdy_ sin f

J ¥ dA
_.4
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The integral in the numerator 1s the second moment of the area (moment of inertia), I,. with re-

spect to an axis formed by the intersection of the plane containing the surface and the free surface
(x axis). Thus, we can write




Use can now be made of the parallel axis theorem to express I, as
L =1L + 4

where [, 15 the second moment of the area with respect to an axis passing through its cenfroid and
parallel to the x axis. Thus.

e + 2.19
Ve =g T (2.19)

As shown by Eq. 2.19 and the figure in the margin, the resultant force does not pass through the
centroad but for nonhonzontal surfaces 15 always below 1t, since Iy, 4 = 0.

The x coordinate, xp. for the resultant force can be determined 1n a similar manner by sum-
ming moments about the v axis. Thus,

Fpxg = J v s B xy dd
4



The resultant fluid
Jforce does not pass
through the cen-
troid of the area.

and, therefore,

xy d4
£ v A VoA

where I, 1s the product of mnertia with respect to the x and y axes. Again, usmg the parallel axis
theorem.! we can write

Xp = + x, (2.20)

where [, 1s the product of mertia with respect to an orthogonal coordinate system passing through
the centroid of the area and formed by a translation of the x—y coordmate system. If the submerged
area 15 symmetrical with respect to an axis passing through the centroid and parallel to either the
x or y axes, the resultant force must lie along the hne x = x,. smce I 1s identically zero m this
case. The point through which the resultant force acts 1s called the cenrer of pressure. It 15 to be
noted from Eqs. 2.19 and 2 20 that as y, increases the center of pressure moves closer to the cen-
troid of the area. Since y, = fi_/sin 0, the distance y_ will increase 1f the depth of submergence. /_,
increases, or. for a given depth. the area 1s rotated so that the angle. . decreases. Thus. the hydro-
static force on the nght-hand side of the gate shown in the margin figure acts closer to the cen-
troid of the gate than the force on the left-hand side. Centroidal coordinates and moments of mer-
tia for some commeon areas are given i Fig. 2 18,
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B FIGURE 218 Geometric properties of some common shapes.



